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The purpose of this note is to give an explanation of this result which will be accessible to the average reader of this MONTHLY. We will actually give two theorems on this subject: the first uses purely algebraic techniques, and is based on a famous theorem proved by A. Hurwitz in 1898. The second theorem gives a stronger result; it depends on a deep theorem proved by J. F. Adams in 1958 . At the end of the paper we discuss some other results in this area.
Our notation is standard: Rn denotes the real vector space consisting of n-tuples of real numbers,
x *y =ExiYi is the dot product of x = (xl,..., x") and y = (Y1, * * *, Yn), and lXI = (X _ X)1/2 denotes the norm or length of the vector x.
THEOREM I. Assume n > 3 and a cross product is defined which assigns to any two vectors v, w e Rn a vector v X w e Rn such that the following three properties hold:
(a) v x w is a bilinear function of v and w.
(b) The vector v X w is perpendicular to both v and w, i.e., (v X w) * v = (v X w) w = 0.
(c) Iv X w12 = IV121wI2 -(V W)2.
Then n = 3 or 7.
REMARK. Note that condition (c) is the usual condition that the length of v x w shall be equal to the area of the parallelogram spanned by v and w.
Proof. The proof consists in showing that a cross product defined on Rn and having the three properties listed above implies the existence of a bilinear multiplication on Rn+ I which has very special properties. We will consider RnI 1 as an orthogonal direct sum:
Thus an element of Rn+ consists of an ordered pair (a, v), where a is a real number and v E Rn.
The required product is defined by the following formula:
(1) (a, v)(b, w) = (ab-v * w, aw + bv + v X w).
This multiplication is obviously bilinear, and (1, 0) is a 2-sided unit. An easy computation using properties (b) and (c) shows that the norm of the product of two elements of Rn+ I is given by the following formula:
Now this is exactly the situation considered by A. Hurwitz [4] in 1898. Hurwitz proved that if we have a bilinear multiplication with a unit defined on Rq such that the norm of the product of two vectors is the product of the norms (condition (2) above), then q must be 1, 2, 4, or 8, and the multiplication is isomorphic to that of the real numbers, the complex numbers, the quaternions, or the octonions of Cayley and Graves. For a lucid exposition of a modem version of this theorem of Note that the uniquess assertion of Hurwitz's theorem shows that conditions (a), (b), and (c) of Theorem I characterize the cross products on R3 and R' uniquely up to isomorphism.
. The interested reader is referred to pp. 408-409 of a paper by E. Calabi [2] for a list of additional properties of the cross product in R7 and an actual multiplication table for this cross product in terms of an orthonormal basis of R7.
REMARK. The multiplication given by formula (1) has evidently been known for a long time. In 1942 B. Eckmann referred to it as "einer bekannten, elementaren Konstruktion" (see [3, p. 338] ).
In our next theorem we show that we can significantly weaken conditions (a) and (c) of
Theorem I without altering the conclusion.
THEOREM II. Assume n > 3 and that a cross product is defined which assigns to any two vectors v, w E Rn a vector v X w such that the following three properties hold:
(a) v X w is a continuous function of the ordered pair (v, w). Note that the function f thus defined satisfies the following two conditions: The answer, strangely enough, is that such a cross product does not exist, with a single exception: n = 8 and k = 3. For the proof of this, the reader is referred to a paper by George Whitehead [6] ;
for explicit formulas for a cross product in this case, see Zvengrowski, [7] . Another property of the cross product of vectors in 3-space is the following: For any rotation r (i.e., orthogonal transformation of determinant + 1) of 3-space and vectors v and w, (7) r(v x w) = (rv) x (rw).
(Note that this equation is not true if v is an orthogonal transformation of determinant -1). One can now prove the following:
PROPOSITION. Assume that n > 2 and a cross product product is defined in Rn which is bilinear and satisfies equation (7) for any rotation of Rn; then n = 3. The proof depends on a knowledge of the real representations of the special orthogonal group SO(n); we do not have space in this note to go into details. This preservation of the cross product by rotations, expressed by equation (7), is less well known than the usual properties which are treated in our first theorem. It is normally only treated in advanced texts in theoretical physics or geometry.
